Abetut-We consider the steady state distribution of the end-toend delay of a tagged Bow in queueing networks where the queues have self-similar c m s trailic. We assnme that such cros traffic ai each quene, say queue i ,is modeled by fractional Brownian Motion (FBM) with Hurst parameter H , E [l/Z,l), and is independent of other qneues.The arrival'pmcess of the tagged Bow is renewal. lko types of queueing networks are mnsidered. We show that the end-to-end delay of the tagged Bow in a tandem queueing network, and more generally in a tree network, is completely dominated by one of the queues. The dominant queue is the one with the maximal Hunt parameter. If several queues have the same maximal Hwst parameter, then we have to mmpare the ratio to determine the dominant queue, where p is the load of the queue, and U is the.caefficient of variation of the c m traffic at the queue.
I. INTRODUCTION
Since the seminal work of Leland et al. [19] , there has been tremendous research work on the characterization and modeling of the Internet traffic. A number of studies have confirmed the prevalence of the Long Range Dependence (LRD) and fractal behavior in LAN and WAN as well as in Web servers (see e.g. [24] ). Self-similar (SS) scaling exists in large time scales (i.e. one second or larger), cf. [191, [261, [13] . More recently, multi-fractal phenomena were observed and analyzed, see [l] , [16] , [171. At small time scale, the traffic still has mono-fractal behavior in the Internet backbone [30] . Many people have also investigated into the possible causes of these long-range-dependent and self-similar phenomena, see [24] for an overview.
These observations and analyses have motivated a number studies of the performance impact in the network. In order to account for the self-similar nature of the traffic in the Internet, Fractional Brownian Motion (FBM) input model has been introduced, mostly due to its mathematical simplicity. A detailed treatment of W M processes can be found in [271. Its use for traffic modeling is discussed in 1221 and in [241 (and references therein) .
Recall that a standard FBM process with Hurst parameter H E [1/2,1) is a Gaussian centered process with stationary increments, continuous paths and such that 1 2
E [ Z ( s ) Z ( t ) ] = -( S 2 H + t 2 H -1s -t12H)
for all s, t E PI.
Queues with FBM input process has received much attention in the literature. Studies [221, f141, [ZO] , [231, [291 have focused primarily on the workload W of a single server queue, where W := supt,o(pt + uZt -t ) , with mean input rate p.
standard deviation U , and server capacity 1. A lower bound P(W > z) was first obtained in [221, this lower bound has been later shown in [141 to be asymptotically exact in logarithm using large deviation principle, further extensions on deriving exact expression and stronger asymptotic estimates are developed in [231 and [201. All these studies assert that the workload W of a single server queue is asymptotically Weibullian, namely, In this paper, we focus on the end-to-end delay in a network setting. Indeed, there are many studies on the characterization of end-to-end delay in the Internet, see e.g. [71, [211, [251. In particular, Mukherjee [21] found that packet delay along several Internet paths could be modeled using a shifted gamma distribution whose parameters varies from path to path and on time scales of hours. There also exists work on the inference of end-toend delay, see e.g. [SI, [lo] , where nonparametric models are used.
To the best of our knowledge, there exist few results on the tail asymptotic of the end-to-end delay in a network setting. Under the assumptions of independent and identically distributed (Lid.) service times and of the existence of moment generating functions, large deviation results were derived in [28] and [18] for stochastic event graphs. In case when the service times are i i d . and subexponential, exact asymptotics were obtained in [5] for stochastic event graphs, where the end-to-end delay has subexponential tail distribution. There are also some recent results on asymptotics of closed subexponential event graph in [31. In the current paper, we focus on another cause of heavytailness for the end-toend delay, namely LRD, what has not been done in a network context. We consider the steady state distribution of the end-to-end delay of a tagged flow in queueing networks where some of the queues have self-similar cross traffic. We assume that such cross traffic, say at queue i, is modeled by Fractional Brownian Motion (FBM) with Hurst parameter Hi E [1/2,1), and is independent of other queues. Note that when H; = 0.5, we have an ordinary Brownian motion model. We assume that at least one of the queues have the Hunt parameter that is strictly greater than 0.5. The arrival process of the tagged flow is renewal. Two types of queueing networks are considered.
We show that the end-to-end delay of the tagged flow in a tandem queueing network is completely dominated by one of the queues. The dominant queue is the one with the maximal Hurst parameter. If several queues have the same maximal Hurst parameter, then we have to compare the ratio to determine the dominant queue, where p is the load of the queue. We have then
where W is the steady-state workload of a single server queue with the same FBM inputs as the dominant queue, which is known [221, [I41 to be asymptotically Weihullian.
We also consider the case that the tagged flow is controlled through a window-based congestion control mechanism, where at any time, the number of customers of the tagged flow is upper bounded by the window size. For any arbitrarily fixed window size, we show that the end-to-end delay is still asymptotically Weihullian with the same shape parameter. We also provide upper and lower bounds on the constant that determines the scale parameter of the corresponding Weibull distribution. These results further imply round-trip time (RlT) of TCP sessions is asymptotically Weibullian, see comments in Section IV.
All these results are shown to hold not only in tandem queueing networks, which correspond to the unicast flows, but also for tree queueing networks which model the multicast case. The tree queueing network is defined as a queueing network with a tree topology, where, at the completion of the service at a queueing station, a customer is forked into multiple customers, one for each downstream queueing station. Such queueing networks are also referred to as disassembly queueing networks in the queueing literature. In such a case, the end-toend delay is defined as the delay for a customer to traverse all the queues. Thus, our result shows that the endto-end delay in multicast is still asymptotically Weibullian, provided that at least one of the queues has FBM cross traffic.
In the next section, we introduce the general model for a network of queues using the (max,plus)-linear presentation, where the two types of networks of interest arc described in detail. In Section III, we focus on general tree queueing networks and show our main results on the logarithmic tail asymptotic of the end-to-end delay D in steady-state. The detailed technical proofs and necessary auxiliary results are also included, where we show how the general Borell inequality for the distribution of the supremum of a centered Gaussian process can be applied to derive logarithmic estimate for log P( D > x). Our studies on networks with fixed window control are then presented in Section IV. We show that the endto-end delay is still asymptotically Weihullian and give upper and lower bound for the constant that determines the scale parameter of the corresponding Weibull distribution. Finally, concluding remarks are discussed in Section V. Notation: Here and later in the paper, for positive functions f and g. the equivalence f(z) -dg(z) with d > 0 means f(z)/g(x)
d as x + co. We will also use the notation f(z) = O(g(z)) to mean limsupf(x)/g(x) < co and liminff(x)/g(z) > 0.
MODEL

A. Taking Cross Trafj?c into Account
Consider a network of queues with cross traffic, illustrated in figure 1. We assume that the service times of customers of the tagged flow are negligible compared to the queueing delays. We see that the time spent in a server is mainly due to the cross traffic. Thus, in our model, in order to analyze the delay of the tagged customers, we define the virtual service times for each tagged customer to be the amount of cross traffic arrived between two successive arrivals of the tagged customers. This (virtual) service time is denoted as wf (for server 2). The resulting queueing system (with such virtual service times) is a single class FIFO queueing networks. In the sequel, we shall thus consider only such FIFO queues, with the (virtual) service times to be possibly self-similar. 
B. (max,plus)-Linear Systems
In our proofs, we shall use the (max,plus) algebra to describe the dynamics of the queueing networks. The reader is referred to [4] for details. 
( 2 )
For k < n, we define Alk,,,~ = 8 : : ; Aj = A, @ ... @ Ak+l and AI,,,, = E , the identity matrix. By definition, the stationary maximal dater is Existence and finiteness of this limit will be addressed in section II-D.
In the following section, we will consider two type of networks. We derive the (max,plus)-linear recurrence ( 2 ) that corresponds to each of these networks and give the interpretation of D. i-th server. We denote by xx (resp. xz) the end of the n-th service in queue 1 (resp. 2). We have then
= ( x : @ x : -J @ U : .
(41
Putting (3) in ( 2 ) Tree Queueing Newark: Consider a tree with nodes numbered by 1,2, . . . , m such that j is a successor of i (we write j E Suc(i)) implies i 5 j . In particular node 1 is the root. We associate to this tree the network with m queues and in which departure process of queue i is the input process of queues j E Suc(i). Queues in tandem is a special case of tree network. Note that in the literature, such tree networks are also referred to as disassembly networks.
We take the example of a tree with three queues, as illustrated in figure 3 . The end-toend delay here is defined as the delay for a customer to traverse all the queues, which is taken care of by the dummy node (a max operator) in the end.
Fig. 3. Tree Network
Let U; be the n-th service time at the i-th saver. We denote by x i the end of the n-th service in server i. We have then
zp, = (x;@x;-l)@u:,
z :
= z : @ x ; .
(8)
Putting equation (5) x: = ( x f i @ " n~l ) c 4 u n .
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In the tree network case, the window control with size L is implemented in such a way that the n th customer can enter the first queue (root of the tree) only after all the n -L th customers quit the leave queues in the tree queueing network.
) Znterpretation of D:
Consider one of the previous networks with only customers -n, -n + 1,. . . , 0 that arrived in the network at respective times T-,, T-, I , at which the system empties is exactly X i ) hd thanks to the Theorem 14.2.1), hence we have:
via the formula: 
To consider the event {D > z} or { D > z + 1) does not change the asymptotic. For the simplicity of notations, we consider the latter in what follows.
Note that the tandem queueing network is a special case of tree networks. The result of Theorem 1 thus holds for tandem queueing network as well.
Based on (14) , to study the tail asymptotic for D, it suffices to focus on the supremum of the centered Gaussian process P{llXll > A } 5 2exp
I
The only assumption made on the parameter space T is that T is totally bounded in the canonical metric. We recall that the canonical metric is defined as follows
(18)
We denote by N ( c ) the smallest number of closed d-balls of radius t that cover T. T is totally bounded if the function N ( e ) is finite for all t > 0.
In fact, following proof of theorem 2.1 in [21, we see that this assumption may be relaxed. Consider a centered-Gaussian process with sample paths 2(<) = 1 1 U j ( .
In the special case T, = n, the end-to-end delay can be expressed as: Since lirnt,, Z ( t ) / t = 0, this process is as. bounded. Here we take T, = [O,n], and T = [0, 00). Each T, is totally bounded (see [ZO] ) and U$ = S U~~~~I E G :
H ) 2 ( 1 -H ) .
Hence Borell's inequality applies for this process on the whole interval [0, 00). Application 2. If T is countable, then Borell's inequality applies. Just take T,, finite and hence totally bounded !
D. Auxiliary Results
In this section, we derive some necessary auxiliary results before we prove the main results as claimed in Property 1. 
Proof
For any path E = ( e o , . . , , e l ) , we write to = 0 and t k = tk-' + Cl=, ltkEW(e,)}. then we have 
Roof:
We first prove that m
2(E) 5var ~UiZ"(lElf). (23)
Take t l < tz < t g < tq, we use the notation: Al = t 2 -tl, Thanks to lemmas 4 and 2, we have
Z ( t Z ) -Z ( t , ) , . . . We have Z ( A 3 ) + Z ( A l ) SVar Z ( A ) . ?his
(24)
5-m
Lower bound: We denote:
We have:
Using the approximation log;h(y) --y2/2, we obtain
Equations (24) and (25) give the desired asymptotic for deterministic arrival times.
0
E Computation of 02
the simple from:
1) The case of Single Server Queue: Equation (15) takes
The infimum is attained in t:i,sl, = ~~-~f~-~) and we have
2) The case of 2 Queues in Tandem: For 6 = (eo,. . . , e l ) E E, we define:
{ 2 € W ( e , ) } . i = O i=O
Then we have
We first suppose that Ht > Hz, then we have
U:
= zwl--l). We suppose now that HI = HZ = H , then we have
But the function U i s either monotone on [0,1], or non-increasing on &L*] and non-decreasing on [U', 11 for a certain U*. Thus the supremum i s attained either at 0 or at 1, and we have But for a general tree network, the variance U," is the maximum of the variance corresponding to a path going from the root of the tree to any leaf, i.e. a network of queues in tandem, hence we have directly Remark 3. We recall that we always assume that H > 112.
Nevertheless, for now on, we never use this assumption and in fact for deterministic arrival times, Theorem 1 is still m e with H = 112. This corresponds to Brownian queues and in the case of tandem queues the large deviation technics used in [I81 apply and it is straightforward that Theorem 1 of [18] gives exactly the same result as our Theorem 1 for deterministic arrival times.
C-7803-8355-9/04/S20.00 @ Z W IEEE.
G. Fmm deterministic times to random arrival times
In previous section, we proved by computing U: that theorem 1 holds true in the case of deterministic arrival times.
we prove now that the result extends to random arrival times.
We denote * ( e ) = sup,(T-, + n ( l -e ) ) . There exist C and Taking the logarithm of this equation gives
X such that for sufficiently large z, we have , .
-z 2 ( 1 -H ) ((l f E ) -P ) (
2o2HZH
We have
n Therefore, 
2-00
This result shows the limit of OUT approach since even if we can compute the variance U:. the technic used here can not give an exact asymptotic for the quantity logP(D > x) in these particular cases. We take the example of two queues in tandem with window control of size L = 1. We recall the recursion equations with the notation of section 2 ( w ;~ = U l , + w:): 
where y is the top Lyapounov exponent associated to the network.
2) The case of L 2 d in Tandem Queueing Network: We restrict the proof to the case of 2 queues with L 2 2 and show that for j E D. The general case of tandem queueing network can be treated in the same way, though the proof will be lengthier.
It is easy to see from the structure of the graph Gw (see 
Hence we have
The right-hand term corresponds exactly to (26). Hence the upper bound follows.
network of queues in tandem with window control because we can upper bound it by the variance of queues in tandem without window control. But the same result holds in the tree case. We can upper bound the variance of the tree network with window control by the variance of the same tree network (i.e. corresponding to the same tree topology) without window control. Hence, thanks to the results of section 111-F.3, we see that one queue dominates for the computation of the variance U: and we get the same upper and lower bound as in theorem 2 for the tail asymptotic of the end-to-end delay.
The demonstration for the case of renewal arrival times of section 111-G is the same in the case of tandem queues with window control except we multiply the upper bound by a factor (1 -y)l.
V. CONCLUDING REMARKS
In this paper, we studied the steady state distribution of the end-to-end delay of a tagged flow in queueing networks where the queues have self-similar cross traffic modeled by kactional Brownian noises, independent of other queues. The arrival process of the tagged flow is renewal. Two types of queueing networks are considered, namely, the tree networks without or with window control.
Our analysis is based on the (max,plus) representation and the general Borell's inequality. We have shown that the end-toend delay of tree networks is completely dominated by one of the queues. The dominant queue is the one with maximal Hurst parameter (or the maximal ratio in case of ties). n u s .
the tail distribution of the end to end delay is asymptotically
Weihullian. In the case of tandem queues with window control, the end-to-end delay is still asymptotically Weibullian and we give upper and lower bound for the constant that determines the scale parameter of the corresponding Weibull distribution. This work shows that the long-range dependence of the cross traffic does have strong impact on the end-to-end delay tail asymptotic. However, this impact is only through a single dominant queue that has the strongest dependence structure, i.e. the queue with the highest Hurst parameter. The window control mechanisms B la TCP in such networks play a minimal role in the determination of the tail distribution of the end-toend delay.
07803-8355-9/041%m.M) 02004 IEEE. The fact the end-toend delay has Weibull tail also provides a new means to the inference and prediction of end-to-end delays. Indeed, this provides a parametric model for heir tail distribution. It also connects the Hunt parameters at the routers with the tail asymptotics of the end-to-end delays.
As future work, we plan to extend current framework to study other long-range dependent models for the cross traffic. For example, one well-known model is the M / G / m model. Other possible extensions include considering tandem or general networks with dynamicladaptive window control.
